Abstract: Some inequalities of Hermite-Hadamard type for increasing convex-alongrays functions are given. Examples for particular domains including triangles, squares, and the part of the unit disk in the first quadrant are also presented.
Introduction
Hermite-Hadamaxd type inequalities for convex functions has attracted and continues to attract much attention in the rapidly developing literature devoted to inequalities and their application, as shown for example in the books [1] and [7] .
It is well known that, if f : [a, 6] -» IR is a convex function on [a, b] , then the HH-inequality states that holds, and both inequalities in (1) are sharp.
For different generalisations, refinements, companion results and counterpart inequalities, see [1] and [7] where many other references are provided. Recently, a number of authors have started to look for extensions of the H//-inequality to various classes of functions including: quasiconvex function [2, 9) , p-functions [3, 6] , Godnova-Levin type functions [3] , r-convex functions [4] , multiplicatively convex functions [5] , etc.
For instance [3] , if / is a function of Godunova-Levin type and we denote this by / S <?(/) (I is an interval in 1R), i.e., and f £ Li [α, 6] , then
The constant 4 is sharp in (2) . ι
If / : [0,1] -• IR is an arbitrary nonnegative quasiconvex function, then for any u e (0,1) one has [8] 
and the inequality (3) is sharp.
In the present paper some HH-type inequalities for increasing convex-alongrays functions defined on IR+ are given. Examples for particular domains including triangles, squares and the part of the unit disk in the first quadrant are also presented.
Preliminaries
A function / defined on the quarter 1R+ = {(x,y) € IR 2 : χ > 0,y > 0} is called
The function / is called convex-along-rays if its restriction to each ray starting from zero is a convex function of one variable. In other words, it means that the function
is convex for each (x, y) € 1R+ \ {0}. We shall study increasing convex-along-rays (ICAR) functions. The class of ICAR functions is broad enough. It contains, for example all convex increasing functions and all functions of the form 00
with a t j > 0 for i + j > 0. The function /(x, y) = ^Jxy is concave, however this function is convex-along-rays, hence ICAR. It is known ( [8] ) that an ICAR function is continuous on the IR++ := {(x,y) 6 IR+ : χ > 0,y > 0} and lower semicontinuous on 1R 2 . We assume in the sequel χ that -= +00 for all χ > 0.
Let (x, y) G IR+. Consider the function (4) *<*,»)= mi» (f.jj).
We shall call a function of the form (4) (7) in f(x ' y)cLEdy · Proof: Let (x, y) € Q{D). It follows from (5) Since Q(D) is compact and / is continuous, it follows that the maximum in (7) 
PROPOSITION 2. Assume that the set Q(D) is nonempty and let f be a continuous ICAR function defined on D. Then the following inequality holds:
we have also the following inequality, which is weaker than (7):
( χ v\ -, -) then χ y J (10) holds as the equality. It easily follows from (6).

Description of the set Q(D)
The following analysis is motivated by the example in Section 6.5.5 of [8] . Let D 6 1R+ be a closed domain of 1R+. We begin with points (x, y) € Q(D), which do not belong to the interior of D. Let t > 0 be a number such that
that is, D is a subset of 1R+, which is contained in a half-plane defined by the line {(a:,î/) : y = tx}. Let Rt = {(x,y) € 1R+ : y = tx} be a ray corresponding to the number t. We assume that the intersection RtC\D is nonempty, this means that Rt is a support ray to D. We are looking for a point (x, y) € Rt\ {0,0} that belongs to Q(D), that is 
Examples
We now present some examples. This inequality is sharp and moreover describes the case for the interior of the set and of the boundary in an unified way. EXAMPLE 3. We will now consider another example to study the analysis in this section. In this case we will now consider the square in IR+ formed by the points (0,0), (1,0), (1,1) and (0,1) as vertices. We will, as before, consider a ray Rt originating at (0,0) and passing through the interior of the square which we denote as D. As before the square is divided into two parts by the ray Rt (t > 0). The part below R t is denoted by D\ and the part above R t is denoted as D2· Now as t actually denotes the slope of the ray R t , in this particular case we need to deal with three different cases that is t > 1 , t < 1 and t = 1. We deal each case below separately.
Case 1 ( t > 1 ) This is the case where the line Rt given as y = tx intersects the boundary of the square formed by the line joining the points (0,1) and (1, 1 
This shows that Then we have (x, y) as follows and Observe further that χ < -since t > 1 and y < 1. This shows that (x, y) € int D.
Case 2(t < 1 ) In this case the line R t intersects the boundary of the square formed by the line segment joining the points (1,1) and (1,0). Thus the line R t intersects the boundary of the square at the point (l,t). Proceeding as above we can show that χ = 1 -3 and (
\
Observe further that as t < 1 we have χ < 1 and y < t and thus showing that (x,y) € int£>.
Case 3(t = 0 )
In this case the ray Rt passes through the point (1,1) . It is easy to show that in 1 -1 this case χ = -and y = -. O ü Also it is interesting to note that in both the cases t > 1 and t < 1 we see that both χ -> -and y -> -when t -* 1. o <5 We can describe the set Qm(D) as the union of two parabolas here. Then we shall have the corresponding inequality.
EXAMPLE 4.
We shall now consider the case where the set D is the part of the unit disc is in the first quadrant ( i.e., IR+). Let Rt define the ray given by the line y -tx , t > 0. This ray obviously passes through the interior of the unit circle. This ray intersects the boundary of the unit disc at a point (xo,!/o) given as Let D\ be the part of the unit disc below the line y = tx and D2 be the part above it. We shall first calculate A{D\) and A(D2). Observe that A(D\) is the sum of the triangle with vertex (0,0), (xo, 0) and (χο,ΐ/ο) and the area under the circular arc, i.e. We shall now calculate YD¡ and XD2 follows. Observe that
